Section 12.1: Three-Dimensional Coordinate Systems

DEF': Points in two-dimensions belong to the set
R? = {(z,y)| =,y € R}

Exl1. Sketch the point (1,2) in R2.

DEF: Points in three-dimensions belong to the set R3 = {(x,y, 2)| z,y,z € R}.

Ex2. Sketch the point (—4, 3, —5) in R3.

»

e Y#-plane
e

.

Ex3. What is the (shortest) distance from the point (—4,3, —5) to the zy-plane.



Surfaces
In two dimensional analytic geometry, the graph of an equation involving x and ¥ is a curve in R2.

In three-dimensional analytic geometry, an equation in x,y, and z represents a surface in R3.

Ex4. Sketch the set of points contained in:

(a) R2, satisfying y = 5. (b) R3, satisfying y = 5.
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=

(c) R3, satisfying 22 + y? = 4. (d) R3, satisfying y =22 +1 and 0< 2z < 4.

Distance Formula in R?.
We will denote and define the distance between the points Pi(x1,y1,21) and Pa(z2,ys2, 22) by

[P P = /(21 — 22)% + (y1 — 42)? + (21 — 22)%.

Ex5. Find the distance |PQ| between the two points P(2,—1,7) and Q(1,—3,5).

Using the distance formula we derive an equation for the sphere in R? with center Py(a,b,c) and

radius 7.



Ex6. Show that 22 + y? 4 22 4+ 42 — 6y 4 22 + 5 = 0 is the equation of a sphere. Find the center
and the radius.

Ex7. Sketch and describe the set of points in R? satisfying the inequality

2?4?22 < 4y

TO-DO: Repeat Ex7 with >.



Section 12.2: Vectors.

The term vector is used to indicate a quantity that has both magnitude and direction (such
as displacement, velocity, force, etc). A vector is often represented by an arrow. The length of
the arrow represents the magnitude of the vector and the arrow points in the direction of the vector.

A vector in two dimensions is denoted by @ = (aj,a2). The numbers a; and ay are called the
components of the vector. Similarly, the vector @ = (a1, az, az) in three dimensions has components
ai, as and as.

Exl1. Sketch the vectors @ = (2,1), b= (1, —1), and &= (1,2, 3).

Given points A(x1,y1) and B(xe,y2) the displacement vector AB = (a1,az) is defined so that
r1 4+ a1 = x9 and y; + ag = y2. Thus,

,@ = <902 —T1,Y2 —y1>

Similarly, given A(x1,y1,21) and B(x2,y2, 22) we have

E = <932 —T1,Y2 —Y1,%22 — Zl)

Ex2. Given points A(1,1) and B(2,3), draw the points A and B as well as the vector AB with
initial point at A. Find the components of AB.




Definitions: Given a real number A and vectors @ = (a1, as) and b = (by,bs) we define vector
operations component by component

Ad = (Aaq, Aaz)

a+0b:= (a1 + b1, a2 + ba)

Remark: These definitions can be extended to higher dimensions.
Ex3. Let @ = (3,2) and b = (—1,1).

e Sketch the vectors 2b and —b.

e Sketch a, l_f, and @ + b.

—

e Sketch a, 5, and @ — b.




DEF: The length or magnitude of a vector @ = (a1, az, as) is defined to be

1]l = v/(a1)? + (a2)? + (as)*.

Ex4. Calculate ||d@|| where @ = (4,0, —3).
-
z 225 =9
131 Jamreort () = Tarace =1

Ex5. Let A be a real number. Show that ||Ad|| = |A|||d@]]
Le¥ a=4% P, 4z, 4s>
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DEF: A unit vector # is a vector that has unit length (i.e. ||@|| = 1)

ST

Ex6. If @ # (0,0,0), a unit vector in the direction of @ is given by 4 =
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Ex7. Given two points P(1,0,1) and Q(3,2,0), find a unit vector in the direction of fﬁ

ﬁa = (2}2/—\>
“ﬁananwﬂ =Ja=s3 f’/

A uil-.,ch- a‘n h‘(dsy")ibhc‘p Fa“s

Q

2 ~|
L@ - Lz S5 7
npal







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex8. The unit vectors i, j, and k given by
i=(1,0,0),

j:<07170>7 k:<07071>

are called the standard basis vectors in three dimensions. Sketch i, j, and k.

"

Prove that @ = a1i + asj + ask.

<a, 0,004 <0, a,,62% <O %2

q,<loa> * Wdeo?t as<eq 12

Ex9. Let @ = (a1, a9, as).
-
i <Q,Jq,,, az> =

& S -
Aetct,d + %k

Ex10. Suppose @ =i+ 2j — 3k and b = 4i+ Tk. Express the vectors 2a + 3b in terms of i, j, and k.

xa<1,2,73 ;b:44,072

24+ 3 =<2,4q,-6 24 L\ o,24? “
=<14,4,15 > w b bovu

\ a=l42t47+ tﬂ;\

Ex11. Find a vector that has the same direction as ¥ = —2i 4+ 4j + 2k but has length 6.
gricrd = d21 =26
..’l— 4’2) "‘} 2?2
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Section 12.3: The Dot Product
DEF: If @ = (a;,a2,a3) and b= (b1, ba, b3), then the dot product of @ and b is the number @ - b

r ‘Ia «um‘dﬁ
a-b=aib; + azby + asb
e S 2 salan, wbao veter
Ex1. Find the dot product of the vectors @ =i+ 2j — 2k and 5—41+5J—3k.

>~ o423 Y3, S_ayz ClLI € )5+
“ee s Y 4 o€ =20 “a vuwalza "

given by

Theorem If a, b and € are vectors and ) is a real number, then

&
Pk i-:=<q,,a.., as> 1 €Aa,%,43) = a*t a2 ea, =13l

The dot product @ - b can be given a geometric interpretation in terms of the angle 8 between @ and
b, which is defined to be the angle between the representations of @ and b that start at the origin,

=
where 0 < 6 <. V . . -
Theorem If 6 is the angle between the vectors @ and b, then @ - b = ld]| HEH cos 0.
low ofF costas: T
La-bl™ = Ul 2 bl analNbll cse .. ()
) (8-b)
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Ex2. Find the angle between the vectors d = \fl 4jand b= 231 . ? oo
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Dot Product and Angles X
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i-b>0 < 0el0,7/2). i-b<0 < 0¢(r/2m ug[ '
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Orthogonal Vectors: Two nonzero vectors @ and b are called perpendicular or orthogonal if
the angle between them is § = /2. This is equivalent to @-b = 0. The zero vector is considered
to be perpendicular to all vectors. Therefore,

Two vectors @ and b are orthogonal if and only if a - b=0.

Parallel Vectors: Two nonzero vectors @ and b are parallel if @ = Ab for some number .

Ex3. Determine whether & = 21 +6j — 4k and b=—3i— 9j + 6k are orthogonal, parallel, or neither.
-c = —-@ —‘;q —2“' #O \no -dn 9‘ b [- ¥ ) ug" 0““493"41/‘ oV Wm“"ﬂ
[ ] - 9
2 atb fn Sowe 2 ; z:-ey--—va.rgé
6,42 =x <=3, iﬂ =
¢ ¢ fle g

’ a
s Ts
e watan

o (e 30,6

duns, @ aud Z at pnva"e.(‘

Ex4. Let u and v be vectors in R? such that ||[u|| = 3, ||v|| = 4 and the angle between these vectors
is 0 = m/3.
vale 4
/_\) 2
) = (~2) (uall )
(a) (2w) - u = (~H (W) =L ) (

Calculate the following;:
= (" z)(‘l.) =~18
) [[—av]| = [=311vll= 3 (1) =12

1) =
(@ u-v= (el BVl cosecca)cu)m(g)e(s)u;c,) C





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































a.b

a+b =|al 1| cose — ces6=, —
la[ [ Sl
Two Types of Projections.

The dot product is also useful to figure out the projection of a vector onto another one. We have
two key concepts:
e The scalar projection of b onto a:

IICO%}J b oubn ¢ *
b

Couge,

e The vector projection of b onto a:

projection

A b Q b P/'O; b = )Gl l&\ l ll~“ l-) hl]
= lyf : = *= “ I ol
cow,o b - Uol cos® —

—.—(.‘L‘i>q

[a*

Ex5. Let b=3i+ 7k and @ = —i +j+4+/7k. Find the scalar projection and the vector projection

of b onto a. . j_
ao
- — < = -340+7<y
¢ comp, b ) 3 G-b ti<

(al= Jitie2 = 8

- 2-b ) q
° PwJ'tb = ltd‘)

IS Ay Lo
> b= q’b'iq‘bb‘é 3 leg
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Re

A%

U

predv Which of the following is NOT correct?
R —

(a) pro@u and@are parallel vectors. cowed

(c) projy(u+ w) and v are parallel vectors
Cowv
(b) The vectors u — v and v — u are parallel.

u-v = —\(u-v) Cov

(d) Wrojwu and u are parallel vectors.
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